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Abstract 

In complete analogy with the classical situation (which is briefly re- 
viewed) it is possible to define bi-Hamiltonian descriptions for Quantum 
systems. We also analyze compatible Hermitian structures in full analogy 
with compatible Poisson structures. 
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1 Introduction 

In the past thirty years a large number of nonlinear evolution equations were dis- 
covered to be integrable systems pQ. It is a fact that almost in all cases integrable 
systems also exhibit more than one Hamiltonian descriptions, i.e. they admit 
alternative Hamiltonian descriptions (they are often called bi-Hamiltonian sys- 
tems) |2 ■ In connection with quantum mechanics, there have been proposals 
for studying complete integrability in the quantum setting. 0,0] 
If we take the view point of Dirac |S] 

"Classical mechanics must be a limiting case of quantum mechanics. We 
should thus expect to find that important concepts in classical mechanics corre- 
spond to important concepts in quantum mechanics and, from an understanding 
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of tie general nature of the analogy between classical and quantum mechanics, 
we may hope to get laws and theorems in quantum mechanics appearing as 
simple generalizations of well known results in classical mechanics", 

it seems quite natural to ask the question: which alternative structures in 
quantum mechanics, in the appropriate limit, will provide us with alternative 
structures available in classical mechanics? 

In particular, is it possible to exhibit the analog of alternative Hamiltonian 
descriptions in the quantum framework? 

This problem has been investigated in a two-pages paper by Wigner in con- 
nection with commutation relations for the one-dimensional Harmonic Oscillator. [S] 
See also Refs. [7], 0, 0, HD|. 

As we are interested in the structures rather than on specific applications, 
it is better to consider the simplest setting in order to avoid technicalities. 

To clearly identify directions we should take in the quantum setting, it is 
appropriate to briefly review the search for alternative Hamiltonian descriptions 
in the classical setting, leaving aside the problem of existence of compatible 
alternative Poisson brackets which would give rise to complete integrability of 
the considered systems. 

The paper is organized in the following way. In Section 2 we deal with al- 
ternative Hamiltonian descriptions for classical systems, while in Section 3 the 
particular case of Newtonian equations of motion is addressed and in Section 
4 a meaningful example is discussed in detail. The analog picture in Quantum 
case is exposed in Section 5 using the Weyl approach for the Classical-Quantum 
transition. The Schroedinger picture is the framework to study alternative de- 
scriptions of the equations of motion for Quantum Systems in Section 6, in the 
finite dimensional case. The algebraic results obtained there in the search for in- 
variant Hermitian structures are extended to infinite dimensions in the last part 
of the paper. In particular, in Section 7, some theorems of Nagy are recalled 
to provide an invariant Hermitian structure and in Section 8, starting with two 
Hermitian structures, the group of bi-unitary transformations has been charac- 
terized and a simple example is used to show how the theory works. Finally, 
some concluding remarks are drawn in Section 9. 

2 Alternative Hamiltonian descriptions for clas- 
sical systems 

Almost in all cases completely integrable classical systems are bi-Hamiltonian 
systems. A dynamical system on a manifold M is said to be bi-Hamiltonian if 
there exists two Poisson Brackets denoted by {., .} 1 2 and corresponding Hamil- 
tonian functions Hip such that 

%={H 1 ,f} 1 ={H 3 ,f} 2 , V/GJP(M). (1) 
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With any Poisson Bracket we may associate a Poisson tensor defined by 



d d 

tti,€fc} = A ifc , A A,;— '•— . (2) 

To search for alternative Hamiltonian descriptions for a given dynamical sys- 
tem associated with a vector held T on a manifold M, with associated equations 
of motion 

f =L T , , (3) 

we have to solve the following equation for the Poisson tensor A: 

L r A = . (4) 

The vector field T will be completely integrable if we can find two Poisson tensors 
Ai and A 2 , out of the possible alternative solutions of equation (QJ, such that 
any linear combination AiAi + A2A2 satisfies the Jacobi identity. In this case the 
Poisson structures are said to be compatible. 11 In particular, constant Poisson 
tensors Ai and A2 are compatible. 
Summarizing, given a vector field T 

we search for pairs (A, H) which allow to decompose T in the following product 

OH 

along with the additional condition (Jacobi identity): 

Kjkdk^im + A;fc<9fcA m j + AmkdkAjt = . (7) 

When the starting equations of motion are second order, further considera- 
tions arise. 



3 Alternative Hamiltonian descriptions for equa- 
tions of Newtonian type 

We recall that, according to Dvson.[T2*] , |13| Feynman addressed a similar prob- 
lem, with the additional condition of localizability; i.e. written in terms of 
positions and momenta (xj, pj) the localizability condition reads 

{Xj,x k }=0. (8) 

Thus, the search of Hamiltonian descriptions for a second order differential 
equation reads 

•<\. {//••'•..!• (9) 
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x j = {H,{H,x j }} = f j (x,x) (10) 

Now we have to solve for the pair ({.,.},H): it is clear that the problem is 
highly non-trivial. However, if we require the localizability 

{x s ,x k } = (11) 
and make the additional requirement (Galileian boost invariance) 

^-{-, -} = , (12) 

dXj 

we gain an incredible simplification. 
Indeed starting with 

Xj ={H, Xj } (13) 
and by taking the derivative with respect to x^, we find 

d 2 H 

S 3 k = — : ; — {x m ,Xk} ■ (14) 

dx k dx m 

We have obtained that the bracket is not degenerate and the Hessian of H is also 
not degenerate. We may now use a Legendre-type transformation to go from the 
Hamiltonian description in terms of H to the Lagrangian description in terms 
of £ and then the corresponding problem in terms of Lagrangian functions is 
linearized and we have to solve for £ the following equation 

9 2 £ , , s d 2 £ ■ d£ n 

— : fm{x,X)-\ ; X rn - 7^- = 0. (15) 

Formulated in these terms the problem goes back to Hclmholtz. 14 



4 A Paradigmatic Example 

We shall consider a simple example that will be useful also to discuss the cor- 
responding quantum situation. |15j 
On M = R 2 " , we consider 

r = E^^-^) 5 A fc6 R. (16) 

This r represents the dynamical vector field of the anisotropic Harmonic Oscilla- 
tor with frequencies . As /\ _|_ j s invariant under the flow associated with 
r it follows that for any constant of the motion F(x,p) the following two-form 
is invariant, that is. 

L t ujf=0 (17) 
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with 

n dF dF 
^ = E^)A«K^), ^1. (18) 

For the one dimensional Harmonic Oscillator the function 

F(q,p) = (p 2 + q 2 )(l + f(p 2 + q 2 )) 2 (19) 

provides the most general invariant two- form parameterized by f(p 2 + q 2 )- For 
instance, 

F(q,p) ^exp-^ + g 2 ) (20) 
uip = dP A dQ, P = ApP, Q = XqF, (21) 



gives 
with 



{P, Q} = A 2 P%p)[l + A(p 2 + q 2 )]{p,q} (22) 



exhibiting the Poisson bracket for the new variables expressed in terms of the 
old ones and showing that the transformation is not canonical. Now we have to 
stress that the equations of motion are linear in the new variables 

j t p =- Q -i Q = p ' < 23 » 

in addition to the linearity in the old variables. 

We have obtained that the equations are linear in two different coordinate 
systems with a connecting coordinate transformation which is not linear. We 
notice that in each coordinate system, say (p, q) and (P, Q), the following tensor 
fields are preserved by the dynamical evolution 

u) = dp hdq , 



d d 

q = dp®dp + dq®dq , A = p— + q— , (24) 

op oq 

and 

uj' = dP A dQ , 

d d 

g ' = dP®dP + dQ®dQ , A' =P— + Q— . (25) 

oP oQ 

In each set of coordinates we have alternative realizations of both the linear in- 
homogeneous symplectic group, preserving the corresponding symplectic struc- 
ture, and of the linear rotation group. Their intersection yields alternative 
realizations of the unitary group. All these linear realization are not linearly 
related. 

How to formulate an analog picture for the quantum case? 
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At the classical level, the dynamical vector field T is a derivation for the 
associative algebra T[M) and a derivation for the binary product associated 
with the Poisson Bracket. 

Would it be possible to define alternative "Lie brackets" and consider a 
similar approach also in the quantum setting? 

Unfortunately this naive approach does not work, when the algebra is asso- 
ciative maximally non-commutative, the Lie brackets compatible with the asso- 
ciative product is necessarily proportional to the commutator, i.e. X(AB — BA). 

EM 

Therefore to change the Lie bracket one has to change also the associative 
product 0, H3, [THJ. 

To have an idea on how to search for alternative descriptions for quantum 
systems it is convenient to consider Weyl approach to quantization because in 
this approach the symplectic structure plays a well identified role. 

5 Quantum systems in the Weyl Approach 

Given a symplectic vector space (E,ui), a Weyl system [T"""|, [""] is defined 
to be a strongly continuous map from E to unitary transformations on some 
Hilbert space H : 

W : E -> U(W) (26) 

with 

W(e 1 )W(e 2 )W i (e 1 )W\e 2 ) = e*"" 1 '^!, (27) 

with I the identity operator. 

Thus a Weyl system defines a projective unitary representation of the Abelian 
vector group E whose cocycle is determined by the symplectic structure. 

The existence of Weyl systems for finite dimensional symplectic vector space 
is exhibited easily and it amounts to the celebrated von Neumann's theorem on 
the uniqueness of the canonical commutation relations. |21 j . [2*2* ] 

Consider a Lagrangian subspace L and an associated isomorphism 

E^±L®L* =T*L . (28) 

On L we consider square integrable functions with respect to a Lebesgue measure 
on L, a measure invariant under translations. The splitting of E allows to define 
e = (a, x) and set 

W((0,x)*){y) = 9(x + y), (29) 
W((a,0)^)(y) = e ia ^H(y), (30) 

x,y E L ,ae L*,4< E L 2 {L,d n y); (31) 

it is obvious that W(e) are unitary operators and moreover they satisfy condition 
(27) with uj being the canonical one on T*L. 
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The strong continuity allows to use Stone's theorem to get infinitesimal 
generators R(e) such that 

W(e) = e lR ^ Vee£ (32) 

and R(Xe) = XR(e) for any Ael. 

When we select a complex structure on E 

J : E —> E , J 2 = -1 , (33) 

we may define " creation" and " annihilation" operators by setting 

a(e) = -=(R(e)+iR(Je)), (34) 

a){e) = ±={R{e)-iR{Je)). (35) 

By using this complex structure on E we may construct an inner product on E 

as 

(ei,e 2 ) = w(Jei,e 2 ) - iw(ei,e 2 ), (36) 

therefore creation and annihilation operators are associated with a Kahler struc- 
ture on The introduction of "creation" and "annihilation" operators is 
particularly convenient to relate alternative descriptions on the Hilbert space 
(Fock space) with alternative descriptions on the space of observables. 

The Weyl map allows to associate automorphisms on the space of operators 
with elements S of the symplectic linear group acting on (E, oj) , by setting 

v s {W{e)) = W(Se) = ulw{e)U s (37) 
At the level of the infinitesimal generators of the unitary group, we have 

UlR(e)U s = R(Se) (38) 

Remark: As the relation defining Us is quadratic, one is really dealing with 
the metaplectic group rather than the symplectic one. |24j However we shall 
not insist on this difference. 

The Weyl map can be extended to functions on T* L E, indeed we first 
define the symplectic Fourier transform of / G J~{E) 

f(q,p) =2^/ f(a 1 x)e^ a ^dadx (39) 

and then associate with it the operator Af defined by 

Af = 7TS I f(a,x)e* (a Q- xp) dadx. (40) 
zirri J 
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Vice versa, with any operator A acting on H we associate a function j a on the 
symplectic space E by setting 

f A (e) = TrAW(e) ; (41) 

this map is called the Wigner map. When A represents a pure state, i.e. a rank- 
one projection operator, the corresponding function is the Wigner function. A 
new product of functions may be introduced on !F(E) by setting 

Ua * Ib) (e) - TrABW(e). (42) 

We thus find that alternative symplectic structures on E give rise to alternative 
associative products on F(E), all of them being not commutative. 

The dynamics on T{E) can be written in terms of this non-commutative 
product as 

ih^ = f H *f A -fA*fH ■ (43) 

In this approach it is very simple to formulate the "suitable limit" to go from 
the quantum descriptions to the classical description by noticing that the limit 

lim-~(/Ws-/B*./U) = {/A,/B} (44) 

(when it exists) defines a Poisson bracket on T(E). 

A different expression for this product involving the Poisson tensor A is given 

by 

(f*g) ( x -,y) = f(x,y)e l ^ ( ^'^~'^'^ ) g{x 1 y) (45) 
where as usual and J| act to the left and to the right respectively [21], |26|. 

is] m 

Now it is clear that, by using for instance the alternative Poisson brackets 
we derived for the one-dimensional Harmonic Oscillator in Section 4, we may 

write ( ^ ( ( 

(/ * 9) (q,p) - f(q,p)e l i { -^^-^-k ) g(q lP ) (46) 

or 

(f*g)(Q,P) = f(Q,P)e l ^^^-^^g(Q,P) . (47) 

In this way we get two alternative associative products on T(E) both admitting 
r, the dynamical vector field of the Harmonic Oscillator, as a derivation. 

In the same sense for the Schroedinger picture, on the Hilbert space of square 
integrable functions on the line, we may use either the Lebesgue measure dq 
invariant under translations generated by d/dq, or 

dQ = \d(qexp±(p 2 + q 2 )) (48) 
invariant under translations generated by d/dQ . 
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Summarizing, by using the Weyl approach, we have been able to show that 
to search for alternative Hamiltonian descriptions for quantum systems we may 
look for alternative inner products on the space of states or alternative asso- 
ciative products on the space of observables. In the coming sections we shall 
investigate the existence of alternative descriptions in the Schroedinger picture. 

Preliminary results for alternative descriptions in the Heisenberg picture are 
available in Ref. [3]. 

6 Equations of motion for Quantum Systems and 
alternative descriptions 

Equations of motion in the carrier space of states are defined by the Schroedinger 
equation (we set H = 1): 

i— $ = Hip. (49) 

Here we shall first restrict ourselves to a finite n-dimensional complex vector 
space H. The dynamics is determined by the linear operator H. To search for 
alternative descriptions, we look for all scalar products on H invariant under 
the dynamical evolution. 

If we define r : H — > TH to be the map ip — > (-0, —iHip), we have to solve 
for Lrh = 0, h representing an unknown Hcrmitian structure on EL 

We notice that any h on H defines an Euclidean metric g, a symplectic form 
ui and a complex structure J on the realification of the complex space H: 

h(.,.)=:g(.,.)+ig(J.,.). (50) 
The imaginary part of h is a symplectic structure u) on the real vector space 



u>(.,.):=g(J.,.). (51) 

Thus any two of previous structures will determine the third one so defining an 
admissible triple (g,J,uj). 

It is clear that Lrh = is equivalent to L-po-i — 0, L^g = 0, LyJ = 0, so that 
we may solve for Lyh = by starting from L^lu = 0. 

To solve for this last equation we introduce the bi-vector field A associated 
with Poisson Brackets defined by ui in the standard way. UHliED! The vector 
field r will be factorized in the form 



Y = A lk ^f— 7 . (52) 
The matrix A lk satisfies the following conditions 

A lk = _ A kl . A lkg kA r S + A rkg kA sl + A ^ g^lr = q _ (53) 
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As r is linear and A lk is constant, fjj must be quadratic: fjj = \£, k HkmS, m 
and therefore if we write T = Af^ ^ we have the necessary and sufficient 
condition for T to be Hamiltonian in the form 

A = AH (54) 

and we get the following: 

Proposition 1 All alternative Hamiltonian descriptions for T are provided by 
all possible factorization of A into the product of a skew- symmetric matrix A 
times a symmetric matrix H . Moreover it is easy to show that the following 
equivalences hold: 

AA + AA tr = <^ L r T = 0, 
HA + A tr H = & L V H = 0, 

ujA + A tr Lu = L t lj = 0, (55) 
where to stays for the matrix representing the symplectic structure. 

In Ref. |S21 it is shown that a necessary condition for the existence of such 
a factorization fea.l|5lj)1 for A is that TrA 2k+1 =0 Vfc e N. 

By using the (1 — 1) tensor field T = A l k d£ k ^^we can obtain pairwise 

commuting Hamiltonian vector fields T 2k (T) with [T 2k (T) , T 2r (T)} = 0. 

Assuming that we have found a factorization for A, say A l m = A ls H sm , 
we may investigate the existence of an invariant Hermitian structure h on EL 
In the case det A ^ 0, if H sm is positive definite, we may use it as a metric 
tensor g to define a scalar (Euclidean) product on H^. Then we can write 
the polar decomposition of the operator A: A = J\A\ where, as usual, \A\ is 
defined as V A^A. Since KerA = 0, J is uniquely defined and is g-orthogonal: 
Jt J = Jjt = 1. 

J has the following properties: 

i) J commutes with A and \ A\: this follows from the fact that J = A -/=^ = 
A , Ai is a function of A only; 

ii) J 2 = -1: this follows because A = J\A\ = A = \A\J while -A = 
-J\A\ = A* = Jt|A|, then multiplication by J yields |A| = -J 2 |A| and from 
KerA = the stated result is obtained. 

To deal with the degenerate case, det A = 0, additional work is needed and 
can be found in Ref. 

Having obtained an invariant complex structure J it is now possible to de- 
fine an invariant Hermitian structure by using the invariant positive definite 
symmetric matrix H srn and the complex structure J. All in all we have proven 
the following: 

Proposition 2 Any vector field T which admits an Hamiltonian factorization 
into AH , preserves an Hermitian structure whenever the Hamiltonian function 
fn is positive definite. 
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As a consequence, on finite dimensional complex vector spaces, quantum 
evolutions are provided by Hamiltonian vector fields associated with quadratic 
Hamiltonian functions, which are positive definite. Because each Hamiltonian 
function gives rise to an Euclidean product, it is clear that T is at the same time 
the generator of both a symplectic and an orthogonal transformation, therefore 
the generator of a unitary transformation. 

Besides, the way J has been constructed out of A may be used to show [31] 
that the (1 — 1) tensor field associated with the matrix J satisfies the property 
J(r) = —A, where A is the Liouville vector field A = ^ k -^k- By using the 
dilation A it is possible to write the quadratic Hamiltonian function in the 
coordinate free form 

i/ l (A,A) = ^(A,A)=:g. (56) 

At this point, in complete analogy with compatible Poisson structures [33| . [51 ] . |35 j . 
we may introduce and analyze a notion of "compatible Hermitian structures" 
or more precisely compatible triples (g a , J a ,w a ) ', a — 1,2. 

We consider two admissible triples (g a , J a) u> a ) ; a — 1,2 on H^and the 
corresponding Hermitian structures h a — g a + iw a . We stress that h a is a 
Hermitian form on H a which is the complexification of M R via J a so that 
in general /iiand hi are not Hermitian structures on the same complex vector 
space. 

Moreover we consider the associated quadratic functions 

gi = 5<7i(A,A),g 2 = ~<7 2 (A,A) (57) 

to which correspond vector fields Ti and T2 via u>i and u>2 respectively. 

Definition Two Hermitian structures h\ and hi are said to be compatible 

if: 

L Tl h 2 = Lr 2 hi = 0. (58) 

Equivalently: 

L Ti uj 2 = L T2 uji = 0; L Tl g 2 = L r2 g x = 0. (59) 



From 

Lr 2 (i ri uJi) = i[r 2 ,r 1 ]Wi = (60) 

we find immediately that [I^Ti] = 0. Moreover, remembering that a given 
symplectic structure id defines the Poisson bracket {/, g} — w(X g ,Xf), being 
ix*w = df, we derive also 

{gi.g2}i = and {gi,g 2 }2 = 0, (61) 
where {., .}i >2 is associated with u>i t2 . 
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Out of the two compatible Hermitian structures on the real vector space M R 
we have the following (1 — 1) tensor fields: G — og 2 , T — uji 1 ouj 2 and J\, J 2 . 
These four (1 — 1) tensor fields generate an Abelian algebra and are invariant 
under Ti and T 2 . It is also possible to prove that G — JioToJ^ 1 = — J\oTo J 2 . 

The following properties are easy to derive 

9i(Gx,y) = gi(x,Gy) = g 2 (x,y) , 

g 2 {Gx,y) = g 2 (x,Gy) = g^ 1 (g 2 (x, .),g 2 (y, .)) ; (62) 

gi(Tx, y) = gx(x, Ty) ; g 2 (Tx, y) = g 2 (x, Ty) ; (63) 

9\{x,J2y) + gi(J 2 x,y) = ; gi(J 2 x, J 2 y) = gi(x, y) , 
92{x,Jiy)+g 2 {Jix,y) = ; g 2 { J x x, J\y) = g 2 (x, y) . (64) 

Thus we have found [3J that: 

Proposition 3 The (1 — 1) tensor fields G, T, J\ and J 2 are a set of mutually 
commuting linear operators. G and T are self-adjoint while J\ and J 2 are skew- 
adjoint with respect to both metric tensors .and moreover there are orthogonal 
transformations for both metric tensors 

Now we can consider the implications on the 2n-dimensional vector space 

coming from the existence of two compatible Hermitian structures. 

The space M R will split into a direct sum of eigenspaces M R = M R where 
Afc are the distinct eigenvalues of G. 

According to our previous statements, the sum will be an orthogonal sum 
with respect to both metrics, and in each M R k , G — Afclfe with 1^ the identity 
matrix in M R k . Out of the compatibility condition T will introduce a further 
orthogonal decomposition of each H R k of the form 

<=0WW ( 65 ) 

r 

where [i k r are distinct eigenvalues of T in H^ fc . 

The complex structures commute in turn with both G and T, therefore they 
will leave each one Wx k ,n k T invariant. Now we can reconstruct, using g a and J a , 
two symplectic structures. They will be block-diagonal in the decomposition of 
M R and on each subspace W\ k ^ k they will be of the form 

5i = Xk92, wi = H k ^ r u} 2 - (66) 

Therefore in the same subspaces J\ = g^oJi = 37-^2- From = J| = — 1 

we get (^-) 2 = 1) hence fjb k r — ±Xk and Afc > 0. The index r can then assume 
only two values, corresponding to ±Afc. 
All in all we have proved the following: 
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Proposition 4 If two Hermitian structures hi = g± + iu)\, /»2 = <?2 + are 

compatible, then the vector space H R will decompose into the double orthogonal 
sum: 

W Xh , aXh (67) 

k— l,...,r,a— ±1 

where the index k = l,...,r < 2n labels the eigenspaces of the (1 — 1) tensor 
G = gf 1 °52 corresponding to its distinct eigenvalues Xk > 0, while T — lo^oloi 
will be diagonal with eigenvalues ±Afc on W\ k ,±\ k , on each of which 

gi = Afc.92, wi = ±A fc a)2, J\ = ±J2- (68) 

As neither symplectic form is degenerate, the dimension of each one ofW\ k _±\ k 
will be necessarily even. 

At this point from two admissible triples (g a , J a ,uj a ) ; a = 1,2 on M R we 
can consider the corresponding Hermitian structures h a = g a + iuj a . We stress 
that h a is a Hermitian form on H a which is the complexification of M R via J a 
so that in general /iiand /12 are not Hermitian structures on the same complex 
vector space. When the triples are compatible, the decomposition of the space 
in eq. (|67|l holds so that M R can be decomposed into the direct sum of the 
spaces and on which Ji — ±J2, respectively. The comparison of /iiand 
hi requires a fixed complexification of IH^, for instance Hi = © Hj". Then 
using orthonormal basis {e^+j and {e^-} we can write 

hx(x,y) = ^2x* k +y k + +^x* k -y k - , 

k+ k~ 

h 2 {x,y) =^X k +x* k+ y k + +^\ k -x k -y* k - . (69) 
fc+ fe- 
lt is apparent that /12 is not a Hermitian structure as it is neither linear nor 
antilinear on the whole space Hi. 

Now it is possible to consider the case of a field T which leaves invariant 
both the compatible triples. As a result, the direct sum decomposition of the 
space in eq. (16711 is invariant under the action of T. Moreover the field T 
is generator of both bi-orthogonal and bi-symplectic transformations on M R , 
therefore generator of unitary transformations on H a , a = 1, 2. 

7 Searching for invariant Hermitian structures 

In this section we would like to investigate the equation 

L r h = (70) 

when the carrier space is some infinite dimensional Hilbert space. 

As it is well known, in many physical instances, the dynamical vector field 
r entering Schroedinger equation is associated with unbounded operators. It 
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follows that the search for solutions of Lrh = is plagued with difficult domain 
problems. It is convenient therefore to search for Hermitian structures solutions 
of the equation 

$h = h, Vte K, (71) 

i.e. for Hermitian structures invariant under the one parameter group of linear 
transformations describing the dynamical evolution. 

We may consider, in more general terms the following problem: Given an 
invertible transformation T : H — > H, under which conditions there exist an 
invariant Hermitian structure h such that 

h(x,y) = h(Tx,Ty). (72) 

As it is well known, in infinite dimensions the topology of the vector space of 
states is an additional ingredient which has to be given explicitly. We therefore 
assume that HI is a Hilbert space with some fiducial Hermitian structure ho , in 
general not invariant under the action of T. We do require T to be continuous, 
along with its inverse, in the topology defined by ho or by any other Hermitian 
structure, topologically equivalent to h Q , which allows us to consider bounded 
sets. 

In the search for invariant Hermitian structures on H, topologically equiva- 
lent to ho, we have this preliminary result: 

Proposition 5 If hi and hodefine the same topology on H, there exists a self- 
adjoint positive definite bounded operator Q such that 

hi(x,y) = ho(Qx, Qy). (73) 

Proof. In order to hi and ho define the same topology on H, it is necessary 
that there exist two real positive constants A, B such that 

Ahi(x,x) < ho(x,x) < Bhi(x,x), \fx € HL 

The use of the Riesz theorem on bounded linear functionals immediately 
implies that there exists a bounded positive and selfadjoint (with respect to 
both Hermitian structures) operator defined implicitly by the equation 

hi(x,y) = ho{Gx 7 y), Vx,y € H. 

The positiveness of G implies G = Q 2 and the thesis follows at once. 

Now we are ready to state few results which go back to B. Sz. Nagy. 36|.|37| 
We first discuss when a flow $(f) is unitary with respect to some Hermitian 

structure hg, which is a solution of eq. I|71|l. 

In other words we shall establish conditions for eq. Ij71|l to have solutions 

and as by-product we exhibit how to find some of them when some appropriate 

conditions are satisfied. 
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Consider an automorphism T of a Hilbert space HI with a Hcrmitian scalar 
product ho, construct the orbits 

{T fc V} 5 k& {0,±1,±2,...} (74) 

and require that all of them, with respect to the norm induced by ho, are 
bounded sets for any ip. The use of the principle of uniform boundedness |38| 
shows that this is equivalent to require that T is uniformly bounded. 

We recall that the automorphism T on H is said to be uniformly bounded if 
there exists an upper bound c < oo such that 

\\T k \\<c ; fee {0,±1,±2,...} . (75) 

For such an operator the following theorem 36 holds: 

Theorem. (Bela de Sz. Nagy) For a uniformly bounded operator T there 
exists a bounded selfadjoint transformation Q such that 

-I <Q<cI 
c 

and QTQ^ 1 — U is unitary with respect to the fiducial ho- This implies that 
T = Q~ 1 UQ is unitary with respect to 

hr(<p,ip) ■= ho(Q<p,Qip) . 

Proof. (Sketch) Define the invariant scalar product hT(<p,ip) as the limit, for 
n going to infinity, of 

h (T n <p,T n il>)=:h n (<p,il>). 

This is the limit of a bounded sequence of complex numbers which does not exist 
in general, at least in the usual sense. Therefore use the generalized concept of 
limit for bounded sequence, introduced by Banach and Mazur. j^H] This gen- 
eralized limit (denoted as Lim ) amounts to define the invariant scalar product 
hx as the transformed scalar product h n " at infinity" , where T is interpreted 
as the generator of a Z— action on H. 

The same approach can be used |36| to deal with an R— action instead of the 
Z— action so that: 

Theorem. When the one-parameter group of automorphisms 3>(t) is uni- 
formly bounded, that is 

\\$>(t)\\ < c , t e (-00,00) , 

there exists a bounded selfadjoint transformation Q such that <5$(i)Q _1 = U(t) 
is a one-parameter group of unitary transformations or $(t) is unitary with 
respect to. 

h$(., .) = ho(Q-, Q.) ■ 

Example. As a simple example^U] consider the group of translation on the 
line realized on Z,2(R) with a measure which is not translationally invariant, i.e. 

(T t tf )(a:) := *(x + 1) , * E L 2 (R, p(x)dx), (76) 
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where p{x) is any function < a < p(x) < (5 < oo and denote by h p the 
corresponding scalar product. If the limit lim p(x) exists , say lim p(x) = a, 

x — > — oo x — > — oo 

then it is trivial to compute the Banach limit because it agrees with a limit in 
the usual sense. In fact by Lebesgue Theorem we have: 

lim / ty*(x + t)®(x + t)p(x)dx = lim / ^*(x)^>(x)p(x - t)dx = 

t — >oc / t — >oo / 

= J Urn V*(x)$(x)p(x - t)dx = a J {x)<S>{x)dx = ah {^>, $). (77) 

R R 

This shows that the Banach limit gives /it(^, *&) = aho(^!, $), i.e. it is a multiple 
of the standard translation invariant scalar product. Therefore 

M*,<f) = MQ 2 *,$) = M(,/^) 2 *,<i>) . (78) 



that is Q = , /- and 

VP 



(U t $)(x) = (QT t Q-^)(x) = J + t) (79) 

is unitary in L2(M, p(x)dx). 

Having discussed few results on the existence of invariant Hermitian struc- 
ture we may now look at the problem of compatible Hermitian structures. 



8 Bi-unitary transformations' group: the infi- 
nite dimensional case 

In quantum mechanics the Hilbert space HI is given as a complex vector space, 
because the complex structure enters directly the Schroedinger equation of mo- 
tion. It is therefore natural to require that the two admissible triples (51, Ji,wi) 
and (52,^2,^2) share the same complex structure: J\ = J2 = J- As we have 
shown this entails that the two triples are compatible and the corresponding 
structures /iiand h 2 are Hermitian on the same complex space H . 

These Hermitian structures are related by the operator G used before which 
is selfadjoint with respect to both structures. The operator G generates a weakly 
closed commutative ring and a corresponding direct integral decomposition of 
the Hilbert space: 

H = / M\da(X), (80) 

J A 

where A is the spectrum of the positive bounded and selfadjoint operator G and 
da is the corresponding measure. |41| 
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As G acts as a multiplicative operator on each component space Ha, a 
straightforward generalization of the results of the finite dimensional case eq. (|69|l 
follows: in fact the forms of /iiand h 2 on H are: 

hi(cp,i))= < ip,ip > x da(X) , 
J A 

h2M)= / \<<p,i>> x MX) ( 81 ) 

J A 

where < ip,tp > A is the inner product on the component M\. 
As a result, bi- unitary transformations are: 

U<p = I U{\)ip x da(\). (82) 

J A 

where /7(A) is a unitary operator on the component M\. |4"2~] 

In particular, when G is cyclic, each Ha is one dimensional and U(X) becomes 
a multiplication by a phase factor: |43j 

U<p= [ e l9W tp x da(X). (83) 

J A 

Therefore in this case the group of bi-unitary transformation is parametrized by 
the a— measurable real functions 9 on A. This shows that the bi-unitary group 
may be written as 

U B = e l9{G) . (84) 
Example: Particle in a box, a double case. 

Consider the operator G = 1+A" 2 , with X position operator, on L,2{[— a, a], dx). 
It is Hermitian with spectrum A = [1,1 + a 2 ]. From the spectral family of X : 

PWf = X[- a ,X]f 

where X[—a x] ^ s the characteristic function of the interval [—a, A], we get the 
spectral family P(?(A)of G: 

P G {\) =P(v / A^I) -P(-y/X^T) . 

Now G does not have cyclic vectors on the whole Li{\—a, a], dx), because if / is 
any vector, xf(—x) is not zero and orthogonal to all powers G n f. This argument 
fails on ^([O, a), dx), where X[o,a] i s cyclic. Analogously on L2([—a,0],dx),so 
we get the splitting in 2 G-cyclic spaces 

L 2 [-a,a] = L 2 {-a,0} ® L 2 {0,a] . 

From Pq and those ciclic vectors we obtain the measure 

dcr(X) = d^/X~^ 
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for the decomposition of the Hilbert space 

H = f H A da(X) , 

J[l,l+a 2 ] 

where Ha is one-dimensional for the particle in the [0, a] box while is two- 
dimensional for the [—a, a] box. 

9 Concluding remarks 

In this paper we have shown that in analogy with the classical situation it 
is possible to define alternative Hermitian descriptions for quantum equations 
of motion. We have not undertaken the analysis to use compatible alternative 
Hermitian structures to study quantum completely integrable systems, this step 
will require that our operator algebras are realized as algebras of differential 
operators acting on subspaces of square integrable functions defined on the real 
spectrum of a maximal set of commuting operators to be identified as position 
operators. 

In the quantum-classical transition that we have mentioned in the introduc- 
tion we should analyze why the complex structure that plays such a relevant 
role in quantum mechanics does not show up in the classical limit. 

These issues will be taken up elsewhere in connection with the quantum- 
classical transition. 
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